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Studied in this work are the intermediate orbits of 
Mars' satellites, based upon the solution of the generalized 
problem of two fixed centers. The obtained formulas describe 
the motion of satellites with any orbit inclinations to the 
equatorial plane and with eccentricities not exceeding 0.1. 
The application is considered of the formulas thus derived 
to the natural satellites of Mars --hobos and Deimos. 
* 
* *  
INTRODUCTION 
The object of this work is the study of intermediate orbits of the satel- 
lites of Mars, based upon the solution of the generalized problem of two fixed 
centers. 
orbits is the fact that they are rigorously taking into account both the second 
and the third zonal harmonics of Mars' gravitational potential. At the same 
time, we shall assume for initial formulas those of work [l], in which E. P. 
Aksanov obtained the solution of the problem of two fixed centers in the case 
of asymmetrical disposition of fixed centers relative to planet's equatorial 
plane. 
The advantage of such intermediate orbits by comparison with Kepler 
There are works in the press, in which the motion of natural satellites of 
Mars is examined. At the beginning of the Twentieth Century G. Struve [ 2 ]  was 
preoccupied with the construction of the analytical theory of motion of Phobos 
and Deimos, making use of observations conducted from 1877 to 1910 at different 
2 
observatories. Several works by M. P. Kosachevskiy were released during the 
past 10 years, in which he investigated the influence of the Sun on the motion 
of Phobos and Deimos, and also the mutual influence of these two satellites 
131 - 151. 
During the construction of the analytical theory of motion of Mars' natural 
satellites, the fact was utilized that both Phobos and Deimos move over nearly 
circular orbits near planet's equator. Currently, and in connection with the 
fact that the appearance of A S  of Mars may be anticipated in the near future, 
a more general problem must be stated, namely, to study the motion of Mars' sa- 
tellites, whose orbits have different inclinations tb planet's equatorial plane, 
but low values of eccentricities. 
In the following we shall assume that the eccentricity does not exceed 3.1. 
With such a problem setup the obtained formulas will be, on the one hand, deseri- 
bing the motion of Phobos and Deimos, and, on the other hand, they may be used 
for the study of orbits of Mars' artificial satellites with small eccentricities. 
STATEMENT OF THE PROBLEM 
Let u s  introduce a rectangular system of coordinates Oxyz with origin at 
the mass center of Mars, whose plane Oxy coincides with the equatorial plane, 
and the axis - Ox 
equators. 
is directed to the point of intersection of Mars' and Earth's 
For the time being we shall postulate that Mars is an asymmetrical body. 
Then the gravitational potential V of Mars will be given by the formula 
in which f is a gravity constant, 2 is the mass of Mars, Ih are certain dimen- 
sionless constants, R, is the equatorial radius of Mars, - r is the radius-vector 
of the satellite, Pk (7) 
- 
z are Legendre polynomials of k-th order. 
In order to obtain the intermediate orbit, potential V is approximated by 
potential U of the generalized problem of two fixed centers: 
where 5 and CT are constants, i = J- 1. 
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I f  w e  expand U i n  series by Legendre polynomials,  w e  s h a l l  have 
where 
Choosing - c and (T from t h e  cond i t ions  
y 2  - = I $ ; ,  y3 - - -  i& 3 
w e  s h a l l  o b t a i n  
The c o e f f i c i e n t  I, = -  0.0020, determined by t h e  motion of Phobos, i s  suf- 
I f  w e  p o s t u l a t e  I, -- 0.0020, I, = 0, R, = 3360 f i c i e n t l y  r e l i a b l y  known [6 ] .  
km, 
same a s  f o r  t h e  Ear th ,  t h a t  is, I, = 2.3.10", 
and (T = -  0.012858. 
we  s h a l l  have c = 150.2638, (T = 0. I f  w e  assume t h a t  f o r  Mars, I, i s  t h e  
w e  s h a l l  have c = 150.2625 km 
I n  t h e  chosen system of coord ina te s  t h e  sa te l l i t e ' s  equat ions  of motion 
f o r  ze ro  mass may be w r i t t e n  as fo l lows:  
Equations (5) w i l l  be  desc r ib ing  t h e  per turbed  motion of t h e  sa te l l i t e ,  provided 
w e  i nc lude  i n  f u n c t i o n  R t h e  d i f f e r e n c e  U-V between t h e  p o t e n t i a l  of real Mars 
and t h e f o r c e  f u n c t i o n  of t h e  problem of two f i x e d  c e n t e r s ,  and a l s o  t h e  tesserial 
harmonics of Mars' p o t e n t i a l ,  t h e  terms condi t ioned by t h e  a t t r a c t i o n  of the  Sun, 
of n a t u r a l  satell i tes of Mars and so  f o r t h .  
******* 
FORMULAS FOR THE INTERMEDIATE MOTION 
According t o  work [l], t h e  gene ra l  s o l u t i o n  of equat ions  
. . I . .  
has  t h e  form 
4 
n 
The v a r i a b l e  J, is  l inked  wi th  t i m e  t by t h e  equat ions :  - 
_- 
_. tg--, 
1 - e  2 2 
and a is g iven  by t h e  formula 
Here a ,  e, i, a,, no, M, are t h e  elements of t h e  in t e rmed ia t e  o r b i t ,  which, 
f o r  c = (3 = 0 convert  r e s p e c t i v e l y  i n t o  t h e  major semiaxis ,  t h e  e c c e n t r l c i t y ,  
t h e  i n c l i n a t i o n  t o  e q u a t o r i a l  plane,  t h e  longi tude  of t h e  ascending node, t h e  
d i s t a n c e  from node t o  p e r i c e n t e r ,  t h e  mean anomaly i n  t h e  epoch. I n  formulas 
(6)  - (131, t h e  c o e f f i c i e n t s  are series by powers of t h e  s m a l l  parameter 
C 
( 1 4 )  
E :- 
I1 ( I  -- $) 
Inasmuch as a ( 1 -  e )  < Ro, i t  r e s u l t s  t h a t ,  t ak ing  i n t o  account (14) w e  f i n d  
1 
20 ‘ 
E < -  
5 
Considering E as a t e r m  of f i r s t  o rder  of smallness  and preserv ing  t h e  
terms t o  f i f t h  o rde r  i n c l u s i v e ,  w e  s h a l l  commit an e r r o r  of t h e  o rde r  
A t  such a p r e c i s i o n  f o r  t h e  cons t an t s  e n t e r i n g  i n t o  formulas (6) - ( 1 3 ) ,  w e  
s h a l l  have 
s = sir1 i, u =: 1/1- S?, 
e -2 e { 1 ' c2 (1 - e2) ( 1 - 2s2) + c4 (3 - 16s3 -1- 149)). 
C' == c {I  --- ~ ' j l  - e') ( I  -s2) + 3e4s2 (1 -s2)},  
1': :L E?S2  { 1 -- e2 -i 0 2  - 4&2 (1 - s2)}, 
(15) it; -:; E%? is2 - - E ~ ( I -  IOs2 + 11~4)). 
=.= 2E0a {S - E'S (4 -- SS')}, 
y - - - c a l l  -2s2-.9(3- 1 2 . ~ ~ 4 -  i O s l ) ) ,  
6 2  E 4  
4 64 (16) 
v == - [ 1 -1 $j (12 -- 15s') + -- (288 -- lf!96s3 -{- 1035.~~). 
I E2 p1 L= - 2 ~ ~ a e  1 + - (4 28s2) , ( 8  
A = -  - (24 - 96s2 -+ 75sq), 
16 
AI == -- I &4S% (4 - 5s7, 
4 
The r e c t a n g u l a r  e q u a t o r i a l  coo rd ina te s  of t h e  sa te l l i t e ,  - x ,  2, 2 depend on 
angular  v a r i a b l e s  I), Cp, a, 
equat ions  (10 - ( 1 3 ) .  The c a l c u l a t i o n  of coord ina te s  - -  x ,  y ,  will be s ign i -  
f i c a n t l y  s i m p l i f i e d  i f  w e  o b t a i n  formulas express ing  t h e  v a r i a b l e s  I), @, E as 
e x p l i c i t  func t ions  of t i m e .  Deriving such formulas w i l l  be  t h e  t a s k  of t h e  
next  s e c t i o n .  
which i n  t h e i r  t u r n  are l inked  wi th  t h e  temporal 
* * *  
6 
DEPENDENCE OF VARIABLE $ ON TIME 
The relation (10) between $ and E is analogous to the equation linking 
the true and eccentric anomalies in Kepler motion. This is why, according to 
(7) ,  we have 
where 
In the series by powers e we shall take into account the terms to e7 inclus- - 
ive. Expressing with the aid of (5) sinEas a function of the angle $, Eq.(ll) 
will be rewritten in the form 
k= I k- I 
where the coefficients have the form 
-. - -- _ _  -- - c -- - B" I. 0 5 ,  c5 ==- iy ._ p- c, - -__ p 
4 -  
The quantity Emay be represented in the form of series by powers - e, if 
formulas (20) and (15) are utilized. In Eq.(21) the coefficients of variables 
9 and $ depend on - -  e, s ,  c2 and (T, whereupon one may separate the terms depend- 
inp, only on e ,  s ,  and the terms with multiplier €:After such a separation, Eq.(21) 
will be written in the form 
where 
. ./. . 
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A t  E = 0,  v a r i a b l e  $ becomes t h e  t r u e  anomaly, 
equat ion  of t h e  cen te r :  
and Eq.(22) pas ses  t o  t h e  
where t h e  c o e f f i c i e n t s  f are w e l l  known series by powers of e c c e n t r i c i t y .  
Inasmuch as a t  E: = 0 ,  $ = $ 
k 
Eq.(22) w i l l  be  w r i t t e n  as fol lows:  
0' 
117 -- 'I' 0 E?@ (+) -: 0. (25) 
Considering Eq.(25) as a Lagrange equat ion ,  and, according t o  [ 8 ] ,  we may 
seek  t h e  r o o t  of t h i s  equat ion  i n  t h e  form of series by powers of t h e  s m a l l  pa- 
rameter 
Re la t ion  ( 2 4 ) ,  s u b s t i t u t e d  i n t o  Eq.(26) provides  t h e  p o s s i b i l i t y  of obtain-  
ing  t h e  v a r i a b l e  $ as a func t ion  of M. 
L e t  u s  in t roduce  i n s t e a d  of elements N ,  w o ,  Go, f i g u r i n g  i n  Eqs.(8)-(13),  
new elements  1, h ,  g o r  s, l i nked  wi th  t h e  former as fol lows:  
(27) 
. ./. . 
8 
where 
a ,  u ,  u , X being given by formulas (16)-( 18). 
I f  w e  conduct such a s u b s t i t u t 5 o n  i n  Eq.(26), w e  s h a l l  f i n a l l y  obta in :  
5 
e4 17 ea 
4 21 ! s:? 
e3 95 
24 G4 512 
ea 451 
96 4 YO 
1097 5957 
,960 4608 
1223 
[ 1 1 l e?  (9 -- 14s2)] .+ --.:--- e6. 
-1.- -. 
K~~ = - [5- 2e2(1 - szjj -- 
ya0 = 126 3.52 (/# I 5s~)j - 22- e' , 
K,, = --- 1103 -- l h 2  (3 -- 4s")l-- -- - eo, 
/( ;= e', e5- ~ 50 
.;7?;3 
:$y>M j 
r( .< _ _ _ _ _  __  e7. 
K O = =  960 es, SO 
The remaining c o e f f i c i e n t s  Kh f o r  j & 0 are rep resen ted  i n  t h e  form of 
Table  1. [Table  1 is reproduced on t h e  next  page].  
* 
* *  
DERIVING FORMULAS FOR 
(I AND a 
S u b s t i t u t i n g  i n t o  Eqs.(8), (9) and (13) i n s t e a d  of 1.1 t h e  a l r eady  found exprbs- 
s i o n  (281, w e  f i n a l l y  arrive a t  t h e  fol lowing formulas: 
. . /. . 
9 
T A B L E  1 
I 
1 
2 
- EJOS ( 4  .- 59) 
COEFFICIENTS Kkj 
2 
E"'% (39 - 1 lShC2) 
1 
48 
__  -- 
1 ;  --: I
I - E?S?Ci 
6 
I 
2 
- F"S3L 
&3&e 
I 
2 
- 1 
16 
E4s' - -- 
10 
where 
Ll0 = [64 + 1 6 q 1 2 -  17s') -+- 3g4(96 - 464s2+ 385 s4) + 32 
4 1-17 
ei ,  ea 5 
16 96 4608 
+ 48&%'(4 -5sa)]- - [4 -~ ' (12 -  lis')] + -- e5 + -
l 7  ec, ea e4 
16 96 192 
43 9s e3 
48 64 512 
L -- 20  [20 -1- &21r>2 - 69s2)] - -- (44 - E' (  12 - 1 Is2)] -1- --
e7 9 =--  [52 1- 3&2(44 -- 59s2)] - - e5 -i- I_ 
e4 15 1 
384 480 
L -= -- [412 -i- t.'(i!044- i445,s2)1 -. ---ee,  40 
and the coefficients Lkj for j # 0 and coefficients Mkj are compiled in the 
form of Tables 2 and 3 (see page 11). 
* 
* *  
APPLICATION TO PHOBOS AND 
DEIMOS 
Since the quantity c2 is small, the initial values of Phobos and Deimos 
elements may be borrowed from work [ 3 ]  for computing the coefficients in for- 
mulas (28)-(30). The elements are brought out for the initial epoch 1880.0. 
PHOBOS 
a = 9383.69 km 
e = 0.0217 
i = 0"53'27".0 
DEIMOS 
a = 23479.57 km 
n = 0.0 
i = 1"45'25".0 
I =-  0.0020, R, = 3360.0 km, 3093500 %' 2 If for Mars we assume m = 
we shall have &$ -- 0.016022, ED = 0.00639978, where E 
parameter E respectively for Phobos and Deimos, while the mass of Mars is expres- 
sed in masses of Sun. Upon computations we arrive at the following formulas: 
and ED are the values of cp 
..to page 12.. 
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T A B L E  2 
COEFFICIENTS Lkj 
t ,  
1 
I l v  
1 (6 -- 7e2) - - ~ 3 u e s  (4 - 5s2) - 1 
2 I 64 ___ __.-- 
I 
1 -- E%% I24 - 53e2 $- 
e%s (4 - 5SZ) 3’2 1 
2 
-- 
--I- 48% (4 - 7s’) -k 8021 
3 
I 
4 I 
COEFFICIENTS Nkj 
-2 
1 - 
64 
I 
T A B L E  3 - 
e3656 cos i I 
.____- I ~- _- 
E% cos i 140 - 21ez -k - E3 os cos i 1 
I i 
_- 
E%=C cos i 
1 
16 
- 
F , ~ S :  cos i I 
16 
- -- 
FOR PHOBOS 
liere the time must be taken in min. (t). 
The interme.diate orbit, proposed in this work, for Mars' satellites, 
accounts for the basic perturbations linked with the second and third zonal 
harmonic of Mars' potential. Elements 2, 2, 2 will be constant, while ele- 
- 
ments A g, & are linked with time by relations (27). 
On the example of Phobos and Deimos one may get convinced to what extent 
the intermediate orbit chosen by us describes the secular perturbations in the 
element - h ,  which are conditioned by Mars' oblation. 
- h, determined by Struve [3]from observations of the satellites of Mars. 
Annual variations of element 
Observations yield 
The very same varfations of element - h, computed by fornulas (17) and (27), are 
From the comparison of (31) and (322 it is possible to derive the conclusion 'that 
the intermediate orbit, based upon the solution of the generalized problem of 
13 
two fixed centers, provides a good representation on the real motion of satel- 
lites in the gravitational field of Mars. On the other hand, the closeness of 
(31) and (32) points to the fact that the variation of element - h is mainly con- 
ditioned by the existence of planet oblation. 
The author expresses his gratitude to E. P. Aksenov for useful advises and 
indications during the preparation of the present work. 
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